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INOUE SURFACES AND THE CHERN-RICCI FLOW 


SHOUWEN FANG, VALENTINO TOSATTI, BEN WEINKOVE, AND TAO ZHENG 

Abstract. We investigate the Ghern-Ricci flow, an evolution equation 
of Hermitian metrics, on Inoue surfaces. These are non-Kahler compact 
complex surfaces of type Class VII. We show that, after an initial con¬ 
formal change, the flow always collapses the Inoue surface to a circle at 
infinite time, in the sense of Gromov-Hausdorff. 


1. Introduction 

The Chern-Ricci flow is an evolution equation for Hermitian metrics on 
complex manifolds, which specializes to the Kahler-Ricci flow when the ini¬ 
tial metric is Kahler. It was introduced by Gill [8] in the setting of manifolds 
with vanishing first Bott-Chern class. The second and third named authors 
[321 [33] investigated the flow on more general complex manifolds and initi¬ 
ated a program to understand its behavior on all compact complex surfaces. 
The results obtained in [32l [33l [3ll 13 [HI HI \2M closely analogous 
to those for the Kahler-Ricci flow, and provide compelling evidence that 
the Chern-Ricci flow is a natural geometric flow on complex surfaces whose 
behavior reflects the underlying geometry of these manifolds. 

The Class VII surfaces are of particular interest, and indeed there is a well- 
known open problem to complete their classification. Class VII surfaces are 
by definition compact complex surfaces with negative Kodaira dimension 
and first Betti number one. In particular, they are non-Kahler. It is natural 
to try to understand the behavior of the Chern-Ricci flow on these surfaces, 
with the long-term aim of extracting new topological or complex-geometric 
information (cf. [29|, where a different flow is considered). 

The goal of this paper is to analyze the behavior of the Chern-Ricci flow 
on a family of already well-understood Class VII surfaces, known as Inoue 
surfaces. Thanks to results in [UlIlKITlIso], we can characterize an Inoue 
surface S' as a Class VII surface with vanishing second Betti number and 
no holomorphic curves. These surfaces were constructed and classified by 
Inoue in m- They come in three families, denoted by Sm,S~^ and S , 
and their universal cover is C x H, where H is the upper half plane. We 
will denote by (zi,Z 2 ) the standard coordinates on C x R. On any Inoue 
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surface S the standard Poincare metric dz 2 A dz 2 on H descends to a 

closed semipositive real (1,1) form on 5, and a constant multiple of it (this 
constant depends on S) is then a closed real (1,1) form Woo with 

0 < Woo e 

where c^^{S) is the first Bott-Chern class of S. The (1,1) form Woo will 
play an important role in our results. 

We consider the Chern-Ricci flow 

d 

(1.1) —w =-Ric(w) - w, w|t=o=wo, 

on S, starting at a Hermitian metric ojq. Here Ric(a;) denotes the Chern- 
Ricci form of the Hermitian metric w = y/—lg--jdzi A ctzj , defined by 

Ric(a;) = —y/^ddlogdetg. 

To be precise, is the normalized Chern-Ricci flow, which will give us a 
limit at infinity without the need to rescale. Since the canonical bundle of 
S is nef, it follows from the results of [321 ESI El] that there exists a unique 
solution to dni) for all time. We are concerned with the behavior of the 
flow as t —>■ oo. 

In [33], an explicit solution to (II.ip was found on every Inoue surface. 
In fact, viewing Inoue surfaces as quotients G/H where G is a solvable 
Lie group [38|, the metrics considered in [33] are homogeneous, and it was 
later observed in [m US] that the Chern-Ricci form of any homogeneous 
Hermitian metric depends only on the complex structure of the manifold 
(and not on the metric), which allows one to explicitly solve the Chern- 
Ricci flow starting at any homogeneous metric on an Inoue surface. 

The explicit solutions constructed in [33] (and in fact all the homogeneous 
solutions considered in [laiiB]) have the property that they converge in the 
Gromov-Hausdorff sense to the circle 5^ with its standard metric. This 
reflects the structure of Inoue surfaces as bundles over . Note that this 
collapsing to is in striking contrast with the behavior of the Kahler-Ricci 
flow, where collapsed limits are always even-dimensional (cf. [6] O [25l [26l 
[271 [281 [35]). 

It is natural to conjecture that the limiting behavior of the explicit so¬ 
lutions [33] holds for any choice of initial metric. The main result of this 
paper is that this is true for a large class of initial metrics. 

Theorem 1.1. Let S he an Inoue surface, and letoj he any Hermitian metric 
on S. Then there exists a Hermitian metric wlf = in the conformal 
class of uj such that the following holds. 

Let ijj{t) he the solution of the normalized Chern-Ricci flow lil.l]) starting 
at a Hermitian metric of the form 

ujQ = wlf + V-Hddp > 0 . 
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Then as t ^ oo, 


U!{t) — 7> Woo, 


uniformly on S and exponentially fast, where Wqo 
above. Moreover, 


{SMt))^{s\d), 


is the (1,1) form defined 


in the Gromov-Hausdorff sense, where d is the standard metric on the circle 
(of radius depending on S). 


Thus we prove that the Chern-Ricci flow collapses a Hermitian metric w 
on the Inoue surface S' to a circle, modulo an initial conformal change to co. 
In fact, we prove more than this, since we allow our initial metric to be any 
metric in the (99-class of e'^w. 

Our conformal change is related to a holomorphic foliation structure on 
the Inoue surface S, which we now explain. Every Inoue surface S carries a 
holomorphic foliation iF without singularities, whose leaves are the images 
of C X {z 2 }, for every Z 2 E H, under the quotient map C x if —)• S. In other 
words, the foliation F is defined by the subbundle of TS which is the image 
of TC © {0} under the differential of the quotient map. Every leaf of F is 
biholomorphic to C if S is of type Sm, and biholomorphic to C* if S is of 
type S"*" or S~ (see [3] , for example). We will say that a Hermitian metric w 
on S is flat along the leaves if the restriction of w to every leaf of J-" is a flat 
Kahler metric on C or C*. Equivalently, after pullback to the universal cover 
C X H, the metric restricted to every slice C x {2:2}, -^2 E is hat. If w has 
the further property that after pullback to C x H its restriction to C x { 2 : 2 } 
equals c{lm.Z 2 )y/—Idzi Adtzi when S is of type Sm and cy/—ldzi hdzi when 
S is of type or S~ , where c > 0 is a constant, then we will say that w 
is strongly flat along the leaves. This is the property that we require of our 
metric wlf in the statement of Theorem 11.11 

The point is that the assumption of being strongly flat along the leaves 
is not in fact very restrictive, since it can always be attained from any 
Hermitian metric by a conformal change: 


Proposition 1.2. Given any Hermitian metric uj on an Inoue surface, there 
exists a smooth function a on S such that wlf := Fu is strongly flat along 
the leaves. 


There is a well-developed theory of simultaneous uniformization of leaves 
of holomorphic foliations by complex curves (see e.g. laiaE]), but it turns 
out that in our explicit situation the proof of this proposition becomes very 
simple. As far as we know, it may well be the case that every Hermitian 
metric on an Inoue surface belongs to the 99-class of a Hermitian metric 
which is strongly flat along the leaves (see section lU Question 1). 

An interesting question is whether the uniform (C^) convergence in The¬ 
orem [LT] of u}{t) to ojoo can be strengthened to smooth (C°°) convergence. 
As a partial result in this direction, we show that if the initial metric is of a 
more restricted type, then we can obtain convergence in C°‘ for 0 < o; < 1. 
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More precisely, Tricerri [36] and Vaisman m constructed an explicit, ho¬ 
mogeneous, Gauduchon metric wtv on each Inoue surface, which is strongly 
flat along the leaves. We consider initial metrics in the cl9-class of wtv 
prove: 

Theorem 1 . 3 . Let S be an Inoue surface, and let uj{t) be the solution of 
the normalized Chern-Ricci flow U.l\) starting at a Hermitian metric of the 
form 

ujQ = (Utv + y/—\ddp > 0. 

Then the metrics uj{t) are uniformly bounded in the topology, and as 
t —>■ oo, 

U!{t) Woo, 

in the C°‘ topology, for every 0 < a < 1. 

A remark about the notation wtv above. In the proof of Theorem 11.31 
we will write wt instead of wtv for the Tricerri [36| metric on Sm, and wy 
for the metric of Vaisman m on or S . 

We note that the arguments in the proof of Theorem 11.11 are formally 
quite similar to the arguments of [33| which considered the Chern-Ricci flow 
on elliptic bundles. In fact one can use these same arguments to extend the 
validity of the main theorem of [3l| to some Hermitian metrics on elliptic 
bundles which are not Gauduchon. 

This paper is organized as follows. In section [2] we prove Proposition 11.21 
and Theorems o and oi for the Inoue surfaces of type Sm- Those of type 
S~^ and S~ are dealt with in section |3l Lastly, in section 0] we pose several 
conjectures and open problems on the Chern-Ricci flow. 

Acknowledgments. The authors thank Xiaokui Yang for some helpful 
conversations. This work was carried out while the first and fourth named 
authors were visiting the Mathematics Department at Northwestern Uni¬ 
versity and they thank the department for its hospitality and for providing 
a good academic environment. 

2. The Inoue surfaces Sm 

We recall now the construction of the Inoue surfaces Sm- They are de¬ 
fined by Sm = (C x H)/T, for H the upper half plane, by a group of 
automorphisms T of C x LI which we now describe. 

Let M G SL(3, Z) be a matrix with one real eigenvalue A > 1 and two 
complex eigenvalues p,Jl (with p / fi)- Let be a real eigenvector 

for A and (mi,m 2 ,m-s) an eigenvector for p. Then T is defined to be the 
group generated by the four automorphisms 

k{zi,Z2) = {pZi,\Z2), fj{zi,Z2) = {zi+mj,Z2+ij), 

Here, we are writing zi = xi + y/—lyi for the coordinate on C and Z2 = 
X2 + y/—^y2 for the coordinate on H = {lmz2 = 1/2 > 0}. The action 
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of r on C X is properly discontinuous with compact quotient. For our 
calculations, we may work in a single compact fundamental domain for Sm 
in C X if using zi,Z 2 as local coordinates. We may assume that zi and Z 2 
are uniformly bounded, and that 2/2 is uniformly bounded below away from 
zero. 

On C X H, define nonnegative (1,1) forms a and /? by 


a = 


4yi 


dz2 A dz2, 


(3 = y/^y2dzi A dzi. 


These forms are invariant under F and hence descend to (1,1) forms on the 
Inoue surface 5 m, which we will denote by the same symbols. In addition, 
a is d-closed. 

The metric wt := 4a + /3 is called the Tricerri metric [36], and it was 
shown in |33j that the solution to the normalized Chern-Ricci flow starting 
at CUT is given by 


uj{t) = e“*/3 + (1 + 3e“*)a —> a, as i —>■ 00 . 

Note that the first Bott-Chern class cf^{SM) can be represented by 

Ric(a;T) = -a G cf^{SM)- 


The following lemma shows that every Hermitian metric lo on Sm is con¬ 
formal to a metric which is strongly flat along the leaves. Recall from m 
that the map C x if —^ M'*' given by (zi,Z 2 ) i-a 2/2 induces a smooth map 
p : Sm S^ = M'*'/(cc ~ Ax) which is a smooth T^-bundle. Every leaf of T 
is contained in a T^-fiber, and is in fact dense inside it. 


Lemma 2.1. A Hermitian metric culf on Sm is flat along the leaves if and 
only if 

(2.1) a A ooi^F = {p*r])a A (3, 

where p : S^ ^ M"'' is a smooth positive function. It is strongly flat along 
the leaves if and only if 

(2.2) a A culf = ca a (3, 

where c > is a constant. If oj is any Hermitian metric on Sm ond we 
define a G C°°{Sm) by 

a A /3 

^ A ’ 

a Alv 

then culf = satisfies 112.‘A) with c = 1 and hence is strongly flat along 
the leaves. 


Proof. Let tt : C x if —)• Sm be the quotient map. Then a Hermitian metric 
culf on Sm is flat along the leaves if and only if its pullback tt^culf is hat 
when restricted to any slice C x {Z 2 }, Z 2 G H. We can write 

7r*cuLF = a\/—Idzi Adzi + h'f—ldz 2 A dz 2 + c\/—Idzi A (te 2 + c\i—ldz 2 Adzi, 
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SO that 

(2.3) 

and (EH) is equivalent to 


a A wlf o 

a A /3 2 / 2 ’ 


(2.4) — = TT*p*r]. 

2/2 

Note that the function TT*p*r] depends only on 1/2 ■ Since the restriction of 
7r*a;LF to a slice C x {Z 2 } equals A dzi, and its Ricci curvature 

equals —5ic/yloga, we conclude that if (12.ip holds then wlf is flat along the 
leaves. 

Conversely, if wlf is hat along the leaves, then for each fixed Z 2 & H we 
have that 

= 0. 

Thanks to (12.31) we see that the function log ^ on C x is T-invariant, hence 
bounded (because it is the pullback of a function from Sm)- Therefore, log ^ 
for Z 2 fixed is a bounded harmonic function on C, and so it must be constant. 
In other words, the ratio is constant along each leaf of T". Since every 

leaf is dense in the fiber which contains it, we conclude that equals 

the pullback of a function from 

On the other hand, it is now clear that uj is strongly flat along the leaves 
if and only if (j2.2p holds, or equivalently, 

(2.5) - = c, 

2/2 

where c > 0 is a constant. The last assertion of the lemma is immediate. □ 


Observe that in the coordinates zi, Z 2 above, the condition (j2.2h is equiv¬ 
alent to 

(2.6) (5lf)it = cy 2 , 

where we are writing wlf = '/^( 9 LF)ijdzi A dzj. 

Let now ujlf be a metric which is strongly flat along the leaves, as in 
the set up of Theorem 11.11 We remark that in the following arguments this 
metric plays exactly the same role as the semi-flat metric Wflat considered in 
|34j on elliptic bundles. We will write the normalized Chern-Ricci flow as a 
parabolic complex Monge-Ampere equation. First, we define 

(2.7) Lu = u)(t) = e~^uJLF + (1 ~ e~^)a > 0, 

and write g for the Hermitian metric associated to Cj. We define a volume 
form n by 

(2.8) n = 2a A wlf = 2ca A /3, 
for c the constant defined by (12.2p . Observe that 

\f^dd log n = a, 
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by direct calculation using (j2.8p . It follows that the normalized Chern-Ricci 
flow (HU) is equivalent to the equation 

(2.9) = log ^ -p, u; + V^ddip > 0, 99 ( 0 ) = p. 

Namely, if (p solves (12.9p then uj{t) = w + ^/—Iddp solves (jl.ip . as is readily 
checked. Conversely, given a solution uj{t) of (|l.ll) we can find (cf. [32] . 
for example) a solution p = p{t) of (12.9p with the property that Lo{t) = 
id + ^/^ddp. 

Let now p = p{t) solve (|2.9p and write uj = uj{t) = lo + ^y—l^^p for 
the corresponding metrics along the normalized Chern-Ricci flow. We first 
establish uniform estimates on the potential p and its time derivative p. 
Given the choice of Cj and fl, the proof is formally almost identical to [281 
Lemma 3.6.3, Lemma 3.6.7] (see also [251 0 HIM])- 


Lemma 2.2. There exists a uniform positive constant C such that on Sm x 
[ 0,oo), 

(i) \p\ ^ C(1 + t)e“*. 

(ii) \p\ ^ C. 

(iii) ^ u!^ ^ ceil‘d. 


Proof. Since the arguments are so similar to those in [281 0IM]. we will be 
brief. For (i), the key observation is that, by the choice of uj and II, we have 


( 2 . 10 ) 


e* log 




n 




for uniform C. To see this, note that from (|2.7p and ()2.8I1 
'2a A u;lf + ~ 2wlf A a) 


e log ■ 






= e log 


2a A wlf 


= e*log(l+0(e-*)), 


and this is bounded. If we define Q = e^p — {C + l)t, we see that if 
sup5j^^x[o,to] Q ~ Qixo,to) for some xq G Sm and to > 0, we have at that 
point. 


e*a;2 


fi 


C'-l ^ -1, 


a contradiction. It follows that sup^^^^ Q is bounded from above by its value 
at time 0, giving p ^ (7(1 + t)e~^. The lower bound is similar. 

To prove (ii), choose a constant Cq so that Cqu > a for all t ^ 0. Then 
compute, for A = g'^Widj, 




AJ (p - (Co - l)p) = tr^(a - £7) + 1 - Cop + (Co - l)tr^(w - A) 

< 1 — Cop + 2(Co — 1 ). 
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It then follows from the maximum principle that ip is bounded from above. 
For the lower bound of p, 

~ - Cj) + I + p - 2tr^(a; - Co) 

^ tr^£h + p-2,^ 0 _ 3 ^ 

for a uniform (7 > 0, where for the last inequality we have used the geometric- 
arithmetic means inequality, the equation (12.91) and the fact that and 
12 are uniformly equivalent. It follows from the maximum principle that p 
is bounded from below. 

Finally, (hi) is a consequence of (i), (ii) and the equation (12.91) . □ 

Next, we bound the torsion and curvature of the reference metrics g. We 
will denote the Chern connection, torsion and curvature of 5 by V, T and 
Rm respectively. 

We lower an index of the torsion into the third subscript, so 

dkl^ij = diQpi — djg^j. 

Writing Tlf for the torsion of the metric j we see that since a is a closed 
form, we have 

( 2 . 11 ) f.jj = 

We prove the following bounds on the torsion and curvature of g, which are 
analogous to those in [341 Lemma 4.1]. 

Lemma 2.3. There exists a uniform constant C such that 

(i) \T\g ^ c. _ 

(ii) \df\~g + \Vf\g + \Rm\g^Ce^/^. 

Proof. Using the holomorphic coordinates as described above and ()2.6I) . we 
have 

9lJ — 6 02/2) 9i2 ~ 0 (fl'LF)i2) 

(2.12) ^ I 

922 ~ ^ {9lf) 22 T (1 — e 

Since we are working in a fixed chart with 2/2 uniformly bounded (both from 
above and below away from zero), we have the estimates 

^ g^j ^ Ce-\ ^ ^ Ce* 

(2.13) < 522 ^ 

I 512 I ^ Ce-\ |5'^| ^ U. 

Observe that these estimates are identical to the local estimates given in 
[341 Lemma 4.1], where here zi plays the role of the “fiber” direction and Z 2 
the role of the “base” direction. 
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As in [Mj, (i) follows from ( 12 .lip . Indeed, 

\f\l = ^ C, 

since the only terms involving the cube of vanish by the skew-symmetry 
of {Ti^Y)ikq in * and k, and by ()2.13l) all other terms are bounded. 

Next we have a bound on the g norm of the Christoffel symbols of the 
Chern connection of g: 

(2.14) |ff,|? := ^ CeK 

This follows from (I2.13h and the fact that all terms digkq are of order 0(e“*) 
unless i = k = q = 2. Note that the quantity is only locally defined. 

Then from (12.111) . 

iaf|| = iw%li = « Ce‘, 

where for the last inequality we have used ()2.14p and the estimates 

\^eiTLF),fl\l ^ Ce^\ \iTLFh4 ^ Ce 2 ^ 

which follow from (I2.13D and the skew symmetry of torsion. Similarly, we 
obtain 

|VT|? ^ Ce\ 

and it remains to bound the curvature of g. 

Recall that the curvature of the Chern connection of g is given by 

K-jkl = -di&j~9kl + g^^dmqdjg^j. 

Noting that from (j2.12p . 

didj~g,j = 0 , \^^^Jg^J\ ^ Ce-\ if {ij,k,£) ^ ( 2 , 2 , 2 , 2 ), 

and 

di9ij = \dk9ij\ ^ C'e"*, if {i,j,k) 7 ^ ( 2 , 2 , 2 ), 
we obtain using (j2.13p . 

I-^iTitI ^ Ce 

Moreover, straightforward computations, similar to those in |34l Lemma 
4.1], give I.R 2222 I ^ C, and 

^ Ce~^, for i,j,k,i not all equal. 

It then follows, by considering the various cases, again as in [34j . that 

\^\2 = grq~gPl~gks~rI^_^_ ^ 

as required. □ 
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We can then apply, almost verbatim, the arguments of |34j to establish 
estimates for solutions of the normalized Chern-Ricci flow on Sm ■ There are 
some minor differences, which we now discuss. In [34], the reference (1,1) 
forms uj{t) are positive definite only for t sufficiently large, whereas here 
they are positive definite for all t ^ 0. In [34] there is a global holomorphic 
surjective map vr from the manifold to a Riemann surface (S', 015 ), and the 
(1,1) form TT*ujs plays the role of a. In our case, a is not globally of this 
form. Nevertheless, we will see that the arguments still go through without 
trouble. 


Theorem 2.4. For ip = p{t) solving on Sm, the following estimates 

hold. 

(i) There exists a uniform constant C such that 

C~^U} ^ uj{t) ^ Cu!. 

(ii) There exists a uniform constant C such that the Chern scalar cur¬ 
vature satisfies the bound 

-C Ce*/2. 

(hi) For any r],a with 0 < 77 < 1/2 and 0 < cr < 1/4, there exists a 
constant Cn,a such that 

(iv) For any e > 0 with 0 < e < 1/8 there exists a constant such that 
(1 — Cse~^^)Cj ^ oj{t) ^ (1 + Cee~^^)Cj. 


Proof. Since the proof is almost identical to the arguments of [34] . given 
Lemma 12.21 and Lemma 12.31 we give only a brief outline, pointing out the 
main differences. 

To show that the metrics to and oj are uniformly equivalent, we apply the 
maximum principle to the quantity 

Q = logtr^iw - + 7 ;—^ 77 ^, 

C + 


where C is a uniform constant chosen so that C + ^ 1, and for A a 

uniform large constant. A key point is that by Lemma 12.21 the quantity 
e^^'^p is uniformly bounded. The term 1/(C + e^^'^p), of Phong-Sturm type 
[22] , is added to deal with torsion terms arising in the computation (cf. [32] ). 
Arguing as in [341 Theorem 5.1], choosing A sufficiently large, Q, and hence 
tvQUJ, is uniformly bounded from above. Then from part (hi) of Lemma [2.21 
we obtain C~^uj ^ ^ Cu. 

The lower bound R ^ —C follows immediately from the evolution equa¬ 
tion 


— = AR + |Ric|2 + R, 


and the minimum principle. The upper bound of R requires a number of 
preliminary estimates, which we now explain. 



INOUE SURFACES AND THE CHERN-RICCI FLOW 


11 


As 


in 


(2.15) 


Lemma 6.2], we have the evolution inequalities 
- a) tr^o; ^ - C-^\V9\l + Ce^/^ 

tr^a ^ IV^I^ - C-^|Vtr^a|2 + Ce^l\ 


and it follows that there exist uniform constants Cq,Ci >0 such that 

(2.16) - A^ (tr^a + Cotr^^o;) ^ -\^g?g - Cf ^|Vtr,^Q!|g + 

Indeed, the first evolution inequality in (12.151) follows easily from the evolu¬ 
tion equation of iicbOJ. The second inequality of (|2.15l) is a parabolic Schwarz 
Lemma argument as in |39l [25] . An important difference to note here is that 
we do not have a global holomorphic map from Sm to a lower dimensional 
complex manifold. However, we do have a locally defined holomorphic map / 
from a holomorphic chart in Sm to the upper half plane H with the property 
that a = f*u}p, for ujp the Poincare metric 

Ujp = , 9 dz2 A dz2, 

on H. Since the parabolic Schwarz Lemma computation is purely local, we 
obtain the second inequality of (|2.15p exactly as in [33] . 

Now consider the bounded quantity 

u = ip + fi, 

which has the property that —Art = R + trj^a ^ R. Our goal is to bound 
— An from above by First, using a Cheng-Yau [5] type argument (cf. 

[231125]), we apply the maximum principle to 

iVuP 

Qi = - - + C'i(tr^a -h Cotrj;w), 

A — u 

for A and Ci chosen sufficiently large, we obtain the estimate 

\Vu\l ^ 

exactly as in [M] Proposition 6.3] (replacing ujs with a, wherever it occurs). 
A straightforward computation then gives 

(2.17) - a) \Vu\l ^ -i|VVu|2 - IVVn|2 + |Vtr^a|2 + IV^I' + Ce^ 
On the other hand, we have 

(2.18) (^-^) (-Au) <2|VVu|2-An + Ce'/2 + |V(7|2-C-i|Vtr^a|2. 

Combining (I2.16p . (I2.17p . (|2.18l) . we obtain, for Ci large, 

d 


dt 


- A (—Au -I- 6|Vu|q -I- Ci{iTuja + Cotr^io;)) ^ —|VVu|g — Au -|- Ce 
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and it follows from the maximum principle that —An ^ giving the 

required upper bound for the Chern scalar curvature 

R ^ 

Next we use our bounds on R together with Lemma 12.21 and 



to get, exactly as in [3U Lemma 6.4] (cf. [28])) the bound (iii) on (p. 

For (iv), we first have, as in [Ml Lemma 7.3], that 

Using this, and the bounds we have now established for (p and p, we consider 
the quantities 

— 2) — e^V: e'^*(tr^n; — 2) — 

for 0 < e < 1/4 and 6,6' >0 chosen carefully. The maximum principle 
argument of [Ml Proposition 7.3] shows that 

tr^^w — 2 ^ — 2 ^ Ce~^'. 

Part (iv) now follows from an elementary argument |34l Lemma 7.4]. □ 

Given the estimate (iv) of Theorem 12.41 we can now establish the Gromov- 
Hausdorff convergence of the metrics u}{t). 

Proof of Theorem M. 1\ for the Inoue surfaces Sm- We set Woo = ot, which 
represents and by definition u{t) a uniformly and exponen¬ 

tially fast as t —>■ oo. Thanks to Theorem 12.41 (iv), the same convergence 
holds for u){t), and it remains to determine the Gromov-Hausdorff limit of 
The argument is a slight modification of [33l Theorem 5.1] (see 
also [Ml Lemma 9.1]). Let p : Sm S^ be the bundle projection map, and 
denote by Ty = p~^{y) the T^-fiber over y ^ S^. Fix e > 0, and let L* be 
the length of a cnrve in Sm measured with respect to uj{t) and by dt the in¬ 
duced distance function on Sm- Let also L^o, d^o be the length and distance 
functions of the degenerate metric a on Sm and let L,d be those of the 
standard metric on 5^ with diameter (log A)/\/27r. Let F = p : Sm S^ 
and let G : 5^ —)• Sm be the map defined by sending every point y ^ S^ 
to some chosen point in Sm on the fiber Ty. The map G will in general be 
discontinuous, and it satishes F o G = Id, so 

(2.19) d{y,F{G{y)))=d. 

The limiting semipositive form a has kernel equal to F, and since each leaf 
of F is dense in a T^-fiber, we conclude that doo{x, y) = 0 for all x,y £ Sm 
with p{x) = p{y). Since uj{t) converges uniformly to a as t —>■ oo, we see 
that for any x G Sm and for all t large we have 

(2.20) dt{x,G{F{x))) ^£. 
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Next, a simple calculation (see [33( Theorem 5.1]) shows that for any curve 
7 in Sm we have 

L(F(7))=Loc(7). 

Therefore, given two points x,y £ Sm let 7 be a minimizing geodesic for the 
metric uj{t) joining them, and get 

(2.21) d{F{x), F{y)) ^ L{F{'y)) = ^ 00 ( 7 ) ^ Lti'l) + e = dt{x, y) + e, 
for all t large. Obviously this also implies that 

( 2 . 22 ) d(x, y) ^ dt{G{x),G{y)) + e, 

for all x,y E and all t large. Lastly, given x,y £ Sm, let 7 be a 
minimizing geodesic in S^ connecting F{x) and F{y), and let 7 be a lift of 
the curve 7 starting at x, i.e. 7 is a curve in Sm with F{^) = 7 and initial 
point X. This lift can always be constructed because T is a fiber bundle. 

We then concatenate 7 with a curve 71 contained in the fiber Tp(y) joining 
the endpoint of 7 with y, and obtain a curve 7 in Sm joining x and y. By 
construction we have 

(2.23) 

dtix,y) ^ Lt{'j) = Li( 7 )+Lt( 7 i) ^ Loo(7)+2e = L( 7 )+ 2 e = d{F{x), F{y))+2e, 
for all t large. This also implies 

(2.24) dt{G{x),G{y)) ^ d{x, y) + 2e, 

for all x,y £ S^, and all t large. Combining (I2.19p . (I2.20j) . (I2.21h . (I2.22h . 
(|2.23p . (I2.24h . we conclude that (5 m, w(t)) converges to {S^,d) in the Gromov- 
Hausdorff sense. □ 

We now turn to Theorem 11.31 Our main claim is that if the initial metric 
is in the (99-class of the Tricerri metric cut = 4q! -|- /3, then we have the 
estimate 

(2.25) ^ Cl, 

for all t large, where Vt is the covariant derivative of qt- Clearly, given the 
results proved in Theorem ll.il we see that Theorem 11.31 follows immediately 
from 

To prove (|2.25p the first step is the following improvement of Lemma [2.3l 
Here, wt plays the role of wlf- In particular, a A wt = a A /3, so that the 
analogue of (j2.2p holds with c = 1. We have 

a) = e“*a;T + (1 — e~^)a. 

These are completely explicit Hermitian metrics on Sm- They have the 
property that ui = Cj + where ip solves (12.911 (with Q = 2a A P). 
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Lemma 2.5. There exists a uniform constant C such that 

(i) \T\g ^ _ 

(ii) \df\g + \Vf\g + \Rm\g ^ C. 

(iii) VRm = 0, VVT = 0, VVf = 0. 

Proof. Part (i) was proved in Lemma 12.31 The rest of the lemma consists of 
straightforward, if somewhat tedious, calculations. Using the holomorphic 
coordinates as described earlier, we have 

1 + 3e“* 

9lJ — 6 ?/ 2 ) §12 — 0 ) 922 ~ 


9^^ = —, ,o-f 

y 2 1 + 3e * 

From this it follows that the only nonzero Christoffel symbols are 


xl 2 


x22 


42/i 


(2.26) 


— — 
-L 21 — 




^ 22 — 




2 y 2 ’ ■ 92 

and note that these do not depend on t. The only nonzero components of 
the torsion T and its derivative dT are 


T 'i rpl 

12 — — 


21 


292 ’ 


'%^12 — ^'^21 — 


It follows that \dT\g ^ C. The only nonzero components of VT are 

1 


^ 2^/2 — — V2T2\ ~ 




and |VT|g ^ C follows. The only nonzero components of Rm are 


^2222 ~ 


1 + 3e 


— t 




^ 2211 - 4 ^ 2 ’ 


and from this we obtain |Rm|g ^ C, finishing the proof of (ii). 

For (iii), the only terms which are not immediately seen to be zero are: 


V 2 R 2222 ~ ^2^2222 2r22.R2222 — 2\/ I 


l + 3e 


-t 


'■2222 


22^2222 


8yl 


+ 2 


y /—1 1 + 3e 


-t 


92 


^ 2-^2211 ~ '^ 2^2211 ^ 22 ^ 22 ^^ ^ 21^2211 ~ 


\/^e 


—t 


8yl 

v^e-‘ 


= 0 , 


89^ 


= 0 , 


= - ^ + ^ = 0 , 




4y3 


V2^2^12 = d2d^Tl^ - - ri2%ri2 + = ^ - ^ = 0, 


4y| 


and this completes the proof of the lemma. 


□ 
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The estimates of Theorem 12.41 imply in particular that the metrics g and 
g are uniformly equivalent. The key additional estimate we obtain in this 
case is the following Calabi-type “third order” estimate. 

Proposition 2.6. We have 

(2.27) \Vg\g ^ C. 

Proof. This is analogous to the Calabi-type estimates established in [24], [Ml 
Section 8] (see also [21]). The result that we need is not exactly contained 
in [24], but the adjustments needed are minimal, so we will only indicate 
what changes in this case. We bound the quantity S := \^g\g = l^lg, where 
T = T — f. The quantity S is equivalent to 

First, compared to the setup in [M], the Chern-Ricci flow that we consider 
now is normalized. However, this only introduces new negligible terms. 
Second, the reference metrics g now depend on t, while the reference metric 
g in [M] is fixed. But the Christoffel symbols T are independent of t and so 
this does not introduce any new terms in the evolution of S. 

The time dependence of g does introduce a new term in the evolution of 
ircjOj, but this is easily seen to be harmless (cf. [Ml (6-1)]). Thanks to [Ml 
Remark 3.1], the bounds proved in Lemma 12.51 are then sufficient to bound 
S and thus obtain (j2.27p . □ 

Proof of Theorern M.S\ for the Inoue surfaces Sm- We can now complete the 
proof of (I2.25|] , which implies Theorem 11.31 The first observation is that 
the Christoffel symbols T of g, which we computed in (12.261) . do not depend 
on t, and so the covariant derivative V with respect to the metric g equals 
the covariant derivative Vt with respect to g\t=o = gT- The second obser¬ 
vation is that g ^ Cg^ for a uniform constant C. Therefore (I2.25p follows 
immediately from (|2.27p . □ 

3. The Inoue surfaces 5"+ and S~ 

We recall now the construction of the Inoue surfaces from [12] (see 
also m Section 6 ]). Consider N = (riij) G SL(2,Z) with two real eigen¬ 
values a,1/a with a > 1, and let ( 01 , 02 ) and ( 61 , 62 ) be real eigenvectors 
corresponding to a and 1 /a respectively. 

Fix integers p, q, r, with r ^ 0, and a complex number t. With this data, 
let (ci,C 2 ) G solve the linear equation 

(ci,C 2 ) = (ci,C 2 ) • + (01,62) 

r 

where 

6* = ^nuiriii - l)aibi + ^ni2(nj2 - 1)0262 -b 711171*26102, 7 = 1,2. 

Now let F be the group of automorphisms of C x 77 generated by 

fo{zi,Z2) = {zi +t,aZ2), 
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fj{zi,Z2) = {zi + bjZ2 + Cj,Z2 + aj), for j = 1,2, 


and f3izi,Z2) 


Zl + 


6 i 02 — b2ai 


,Z2 


\ r / 

The group T acts properly discontinuously onCx H with compact quotient 
S'"'' = (C X H)/r. For each such N,p,q,r and t, S~^ is an Inoue surface. 
As in Section [ 2 l we may work in a local holomorphic coordinate chart with 
Zl and Z 2 uniformly bounded, and y 2 uniformly bounded below away from 
zero. 

We will not give the precise definition of Inoue surfaces of type S~ (see 
e.g. mm) because their only property that we will need is that every 
such surface has an unramified double cover which is an Inoue surface of 
type S^, and we can easily derive the statements of our theorems on S~ 
from the corresponding statements on S'"*". 

Therefore, going back to S~^, since a > 1, we can write Imt = mloga for 
some m G M. Then the (1,0) forms on FI x C, 


— dz2, dzi 

2/2 


yi-m log y2 
2/2 


dZ2, 


where zi = xi + yj—lyi and Z 2 = X 2 + y/—ly 2 , are invariant under the 
T-action, and so descend to S~^. Define (1,1) forms a ^7 on S~^ by 


a 


I 


■^^r^dz2 A dz2., 
22/2 


/—r(, 2/i-"ilogy2, \ .(^ y\-m\o^y2 \ 

7 = V —1 dzi - dz2 A dzi - az2 ■ 

\ 2/2 / V 2/2 / 

Then 

ujy = 2a' + 'j 

is a Hermitian metric, originally introduced by Vaisman [37] (and Tricerri 
in the case m = ojMI). Moreover, 

Ric(a;v) = —a' G cf*"(S'''“). 

It is shown in |32| that the solution of the normalized Chern-Ricci flow 
starting at cay is given by 

uj{t) = e “*7 + (1 + e~')a' —> a', as t ^ oo. 

Now, as in Lemma EH we see that a metric wlf on S~^ is strongly flat 
along the leaves if and only if 

(3.1) a'A wlf = ca'A 7 , 


for some positive constant c. Indeed, this easily follows from the fact that 
in the coordinates zi,Z 2 above, the condition (13.ip is equivalent to 

(3.2) (5lf)it = c. 

Moreover, given any Hermitian metric u on S’"*", we can produce culf = e^uj 
satisfying this condition, for suitable choice of a. 
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Given this set-up, and what we have already proved, it is straightforward 
to complete the proof of Gromov-Hausdorff convergence for the manifolds 
5 +. 

Proof of Theorem M . 1\ for the Inoue surfaces S~^ and S~ . The proof for the 
surfaces S~^ is almost identical to the case of Sm- Indeed, we simply replace 
a by a' and note that the condition (12.611 has been replaced by the (even 
simpler) condition (|3.2I1 . The same estimates as in Lemma 12.31 hold almost 
verbatim, and similarly for Theorem 12.41 To obtain the Gromov-Hausdorff 
convergence to (5^, d), we apply the same argument as in the proof of The¬ 
orem 11.11 the only difference being that now S~^ is a fiber bundle over 
with fiber a certain compact 3-manifold (not a torus), but the leaves of 
are still dense in these fibers (see e.g. [331 Lemma 6.2]), and the argument 
goes through as before. 

Finally, the result for S~ follows from the fact every such surface has 
an unramified double cover which is an Inoue surface of type (cf. [33l 
Section 7]). □ 

We finally discuss Theorem 11.31 for the Inoue surfaces S~^ and S~ . As 
before, the case of S~ is immediately reduced to the case of S~^. The proof for 
the surfaces S~^ is similar to the case of Sm, but there are some differences. 
We now assume that the initial metric is in the 95-class of the Vaisman 
metric ujy = 2 a' -|- 7 , and our goal is to prove the estimate 

(3.3) iVv^lsv ^ 

for all t large, where Vy is the covariant derivative of gy. Again, this 
immediately implies the conclusion of Theorem ll.3l in this setting. As before, 
we have the explicit reference metrics on 5"*“ 

w = e~*a;v -|- (1 — e~*)a'. 

The analog of Lemma 12.51 is now: 

Lemma 3.1. There exists a uniform constant C such that 

(i) \T\g ^c. _ 

(ii) |9r^+ |Vf|g + \Rm\g ^C. 

(hi) |VRm|g + \VVf\g + \VVf\g ^ C. 

Proof. Again, item (i) was proved in Lemma 12.31 The rest of the lemma 
follows from a long, direct calculation. The situation is considerably more 
complicated than in Lemma 12.51 because now very few terms vanish. 

Using the holomorphic coordinates as described earlier, we have 

-t ~ -tyi-'mlogy2 „ 1 -h -h 2 e“*(yi - mlogy 2 )^ 

9n-e , <712- e , 522 - ^y2 

5 “= 0 (e^), = ~g^^ = 0{l). 
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None of the Christoffel symbols of g vanishes, but their components in these 
coordinates are readily seen to be uniformly bounded as t approaches infinity, 
which shows that 

(3.4) |f-rv|3v^C', 

where Fy are the Christoffel symbols of gy. For later use, we mention 
explicitly that 

y2 


f 


1 + e^ 


= 0{e 


(3.5) 


f?. = = O(e-), 


1 + e* 




m 


1 + e^ 


- = 0(e-‘) 


The torsion of g is given by 


T 'i _ _ 

12 — — 


21 


2^2 




1 + e* 
m{yi - mlogy2) 


2/2(1 + e‘) 


f?2 = -fl = ^/^ 

and the only nonzero components of dT are 

d^fl^ = -ckfl, = - 


m 


1 + e* 


m 


%^'i2 — + 


21/2(1 + e*)’ 

m{yi — m log 1/2) + 
2y|(l + e‘) 


and \dT\g ^ C follows easily. Next, by direct calculation, we have 
Vif^2 = 0{e-^), V2fl2 = 0{l), ViTf^ = 0(e-*), V2f^2 = 0{e-^), 

and |VT|g ^ C follows. To bound |Rm|i/ we recall that 
Direct calculations show that = 0, the terms 

d _2 d _1 P _1 
■^222 ’ "^222 ’ '^122 ’ '^212 ’ '^221 

are of order 0(1) or better, while all other terms are of order 0(e“*) or 
better. It follows that |Rm|g ^ C. This proves (ii). 

As for (iii), this is the longest part of the calculation. Direct computations 
show that the components of the tensor VpVqT)^- with A: = 2 all vanish, while 

the components with k = 1 are 0(e“*), and this gives |VVT|g ^ C. For 
VVT, the term ViVYT’f2 is 0(e“^*) and all other components are 0(e 

or better. This gives IVVTI^ ^ C. 

For the derivative of curvature, we note that the terms 

V2R992 , V2R292 , VjRggg , V2^199 , V2R9T9 , V2R991 
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are 0(1) or better. The terms 

are 0 (e“^*) and all other components of the tensor are 0 (e“*) or 

better. This finally gives |VRm|p ^ O. □ 


We now wish to use these bounds, as in Proposition 12.61 to obtain the 
estimate 

(3.6) \Vg\g ^ O. 

A new complication that arises in this case is that the Christoffel symbols 
T now do depend on t. From 

§i^k = 

and comparing to the computation in [24] , we observe that there is one new 
term in the evolution of the quantity S = |Vg'|p of the form 

(3.7) - 2Re , 

where, as in [21], = T^)^ - 

We claim that 

(3.8) \Va'\g ^ C. 

Indeed, the only nonzero component of a' is oR = and so the only 
nonzero components of Va' are 

Via(2 = ^ ^ “7 ’i2“22 ^ 0{e~^), 

V2a'^2 = “^21022 = 0 {e *), V2a22 = 92(^22 ~ ^22^22 ~ ^( 1 )’ 

thanks to (13.Sp . and (13.81) now follows. This shows that the new term (13.711 
is of the order 0 {-\/ S ) and hence is a harmless contribution. 

Next, we would like to use (13.61) to prove (1331), but again we have to 
deal with the fact that, unlike the case of Sm with the Tricerri metric, the 
Christoffel symbols T of ^ now depend on t. However, we have the key 
relation (|3.4I) . 


Proof of Theorem H.3I for the Inoue surfaces S~^ and S . In the case of S~^ , 
we use (13. 6p . (13. 4p and the fact that g ^ Cgy to obtain 

I'^Vdlgv ^ l^^lgv + C ^ C\Vg\g + C ^ C, 
as required. The case of S~ follows by passing to a double cover. □ 
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4. Further Conjectures 

We discuss in this section a number of conjectures and open problems 
concerning the Chern-Ricci flow. 

1. A natnral conjecture, discussed in the introduction, is that the con¬ 
vergence resnlt of Theorem 11.11 holds for all initial Hermitian metrics uiq. 
In fact, this would follow from Theorem O if one could show that every 
Hermitian metric on an Inoue surface belongs to the (99-class of a Hermit¬ 
ian metric which is strongly flat along the leaves, a statement which can be 
reduced to solving a partial differential equation along the leaves. A weaker 
conjecture, but still interesting in light of the results of [32l [33l |34], would 
be that the convergence result of Theorem 11.11 holds for all Gauduchon uq. 

2. Another obvious conjecture, also mentioned in the introduction, is that 
the convergence of uj{t) to cuoo in Theorem o holds in the C°° topology. A 
starting point would be to prove it in the more restrictive setting of Theorem 

oi 

3. There are higher-dimensional analogues of Inoue surfaces, constructed by 
Oeljeklaus-Toma [20], and it is natural to conjecture that similar behavior 
occurs. Similarly, there are non-Kahler higher dimensional torus bundles 
over Riemann snrfaces (see m Example 3.4]), and one wonld expect that 
at least some of the results of |3l| on elliptic bundles should generalize to 
these. 

4. It would be interesting to try to prove similar collapsing results on 
Hopf snrfaces, the other family of Class VH surfaces with vanishing second 
Betti number. In [321133j . explicit solutions were given of the unnormalized 
Chern-Ricci flow -^ui = —Ric(a;) on Hopf snrfaces of the type (C^\{0})/ ~, 
where {zi,Z 2 ) ~ {azi,Pz 2 ), for complex a, jS with |q!| = |/3| / 1. In the 
Gromov-Hausdorff sense, the metrics collapse to a circle in finite time |33j . 
Moreover, a uniform npper bound on the evolving metric was given in [32] 
starting at a metric in the 99-class of the “standard” Hopf metric. It would 
be desirable to understand the limiting behavior of the flow starting at any 
Hermitian metric, on any Hopf surface. In the case of Hopf surfaces where 
ja] / |/3| or where ~ is not of the type just described, no explicit solutions 
to the Chern-Ricci flow have even been constructed (see the discussion in 
[32l Section 8]). 

5. Perhaps surprisingly, the behavior of the Chern-Ricci flow starting at a 
non-Kahler metric on the complex projective plane CP^ remains a mystery. 
One can easily compute that the volume of the metric tends to zero in a 
finite time T, and the volume shrinks like {T — t), and this suggests that the 
flow should collapse to a Riemann surface. This would be in stark contrast 
with what happens when starting at a Kahler metric on CP^, where the 
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volume goes to zero like (T — and the flow collapses in finite time to a 
point, thanks to Perelman’s diameter bound (cf. [23j ). 

6. An optimistic conjecture would be that on any minimal Class VII surface 
with 62 > 0, or on any Hopf surface, the solution u{t) of the Chern-Ricci 
flow (which exists for a finite time T and has volume tending to zero as 
t ^ T [32]) shonld converge in C°° to a non-closed nonnegative (1,1) form 
OL. Moreover, taking the tangent distribution given by the kernel of a and 
taking iterated Lie brackets of it, one should obtain an integrable three- 
dimensional distribution. Even more optimistically, one might hope that a 
leaf of this distribution be a sphere in a global spherical shell [l3], which 
is conjectured to exist |18| . This behavior is exactly what happens for the 
explicit solutions constructed in [33] on the standard Hopf surfaces as in 
item 4. above. 
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